Abstract-The integration of a leaky-wave antenna with a ring resonator is presented based on the leaky-wave theory and integrated waveguide models. The device consists of a ring resonator fed by a directional coupler, where the ring resonator path includes a segment that is turned into a leaky-wave antenna. We devise an analytical model of the guided wave propagation along a directional coupler and the ring resonator path, including the antenna and non-radiating segments. The resonator integration provides two main advantages: 1) the high-quality factor resonance ensures effective control of radiation intensity by controlling the resonance conditions and 2) the efficient radiation from a leaky-wave antenna even when its length is much smaller than the propagation length of the leaky wave. The tradeoffs regarding the quality factor of resonance and the antenna efficiency of such a design are reported in terms of the coupler parameters, leaky-wave constant, and radiation length. Finally, a CMOS-compatible OLWA suitable for the ring resonator integration is designed where silicon is utilized as the waveguide material for a possible electronic control of radiation intensity. The simulation results together with the analytical model show that slight variations in the leaky wave's propagation constant, realized through excitation of excess carriers in the Si domain, is sufficient to control the far-field radiation modulation with high extinction ratio.
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I. INTRODUCTION
O PTICAL antennas are proposed as a method of controlling optical radiation and boosting light-matter interactions in the infrared and optical bands. Optical communication devices benefit highly from the well-established CMOS fabrication infrastructure and the integration with semiconductor technologies. To this aim, here we demonstrate a novel topology of a CMOS compatible optical leaky-wave antenna (OLWA) that generates a controlled radiation beam.
Leaky-wave antennas, as a subcategory of guided wave antennas, have been studied extensively at the microwave frequency band [1] , [2] . The radiation from a leaky-wave antenna occurs as a guided wave attenuated exponentially principally due to the radiated power leaking away from the waveguide. A so called slow-wave (hence guiding) structure can be transitioned into a leaky-wave antenna by introducing periodicity Manuscript received August 20, 2016 ; revised October 17, 2016 ; accepted October 17, 2016 . Date of publication November 7, 2016 ; date of current version December 12, 2016 . This work was supported in part by the National Science Foundation under NSF Awards ECCS-#1028727 and EECS-#1449397.
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Digital Object Identifier 10.1109/JLT.2016.2626982 along the waveguide [3] . The radiation direction is mainly a function of the leaky-wave phase constant, therefore control of this inherent characteristic grants the capability of frequencycontrolled beam steering. Wide range of methods have been employed to innovate leaky-wave antennas, including metamaterial waveguides [4] , frequency selective surfaces [5] , multilayered substrates [6] , [7] . For an up-to-date review of leaky-wave antennas, the reader is referred to [8] and to [9] for a better understanding of the fundamental physics and principles related to directivity using LW antennas. At optical and infrared frequency ranges, waveguides that host leaky waves can also be implemented by using linear arrays of polarizable particles. A theoretical frame of such a structure is reported for lossless penetrable spheres [10] , and for a chain of plasmonic particles [11] . The leaky waves along plasmonic chains is theoreticaly studied in [12] - [14] and an extensive characterization of leaky and bound modes along a linear array of plasmonic spheres is presented in detail in [15] - [17] . Besides these examples of optical antennas based on plasmonic nanoparticles, plasmonic leakywave antennas [18] , leaky-wave groove antennas [19] suitable for integration in optical chips and CMOS-compatible antenna topologies as in [20] constitute a strong option for controlling an efficient controllable off-chip radiation. OLWAs realized by patterning periodic small silicon inclusions in a CMOS-compatible dielectric integrated waveguide were introduced [21] by some of the authors. These antennas combine very directive efficient radiation from low-loss dielectric waveguides at the infrared and optical frequencies with the advantages of utilizing semiconductor electronics. The control of excess carrier densities in silicon, thus its complex refractive index, was shown to provide limited but fundamental control of the radiation intensity and direction of an OLWA in [22] , [23] . The radiation control capability of such an antenna was further boosted by integrating OLWAs with Fabry-Pérot resonator (FPR) formed by introducing reflectors along the propagation axis of the waveguide [15] , the detailed theory and characterization of such an OLWA topology in 2-D model was presented in [24] . In this work, an OLWA integrated with a dielectric waveguide ring resonator (RR) is introduced. The silicon waveguide-based RR including the antenna segment and its feed via a directional coupler can be realized with conventional CMOS fabrication process, and constitutes less demanding fabrication features than the OLWA in FPR [24] . In addition to radiation control enhancement, the ring resonator integration boosts efficiency of the leaky-wave radiation independent of the antenna length in a similar principle to power recycling scheme presented in [25] . The manuscript is organized as follows. Section II introduces a theoretical analytical model of the RR, directional coupler and the antenna segment based on a guided-wave schematic. The resonance conditions are developed, the antenna efficiency, the characterization of radiation from OLWA in RR and the dynamic radiation tunability are presented. In Section III, a simulated OLWA topology is presented and incorporated into the developed theoretical analytical model. We show the radiation control capabilities when a 10 19 cm −3 concentration of excess electron and holes are created in the silicon volume of the antenna segment. The results prove the OLWA in RR as an effective wave of controlling efficiently LW radiation. They also prove the importance and effectiveness of the theory introduced in Section II in the design of resonator-integrated leaky-wave antennas at optical frequencies and any other frequency range.
II. OLWA IN RING RESONATOR
The OLWA in ring resonator (OLWA in RR) is shown in Fig. 1 and it is composed of the radiating antenna segment (in pink color) and non-radiating guiding segments of the ring resonator (in blue color), the directional coupler made of the proximity region of the ring resonator and the feeding waveguide. In the following we will provide an analytical model explaining the working principles of OLWA in RR by using a schematic theoretical model, which is in principle valid in any frequency band from microwave to optical frequencies.
The resonator is shaped like a race track, and the bottom path of the resonator waveguide is brought in proximity with a feeding waveguide forming the directional coupler region. The radiation segment is depicted to lie on an arm of the resonator, and its orientation inside the resonator has no impact on the analytical model presented in the following. Moreover, exact geometry of the waveguide and the directional coupler is not within scope of this work. In Fig. 1 , the electric wave complex amplitudes (i.e. phasors) are annotated with numeric indices denoting the ports of the directional coupler with the reference plane for the wave complex amplitudes denoted by the vertical dashed black line. Here the super script "+" denotes the E-field complex amplitude of the direct waves travelling from the input port to the output port along the feeding waveguide and circulating in the counterclockwise direction along the ring resonator. These would constitute the only waves if the mode mismatch at the two ends of the antenna radiating segment was neglected. On the other hand, possible reflections at the discontinuities between the antenna and non-radiating segments along the resonator path (i.e., at planes 3' and 4' in Fig. 1(top panel) ), would generate waves with clockwise propagation direction in the ring resonator. In turn, also waves propagating toward the input port along the feeding waveguide would be established. The waves established due to the mismatch at the antenna ends are all denoted by the super script "−". Moreover the network model illustrated in Fig. 2 (right panel) shows the electric field complex amplitudes E ± a propagating in the radiating antenna segment, that is referred to the center of the radiating segment for convenience, where + and − denote the counter clockwise and clockwise propagating waves, respectively. In the following k and k a = β a + iα a are the guided wavenumbers of the non-radiating and the radiating antenna waveguide segments, respectively (where the subscript "a" denotes the radiating antenna segment). Moreover, considering Fig. 2 (left panel) , at the interface between the nonradiating and the radiating antenna segments, we denote by ρ the electric field reflection coefficient referred to a wave impinging from the non-radiating waveguide. Note that this coefficient is defined between two semi-infinite waveguides, and the case of finite size of the antenna segment in Fig. 2 (right panel) is described using the scattering parameters as discussed regarding (2), later in the manuscript. In an equivalent transmission line representation the reflection coefficient ρ = (Z a − 1)/(Z a + 1) is represented in terms of the ratioZ a of the characteristic impedances of the radiating and non-radiating segments in Fig. 2 
(left panel).
The radiation in the antenna segment takes place as a leakywave radiation. A leaky wave is created by introducing spatial periodicity along the propagation direction. This leads to generating Floquet harmonics with wavenumbers k a,q = β a,q + iα a where β a,q = β a + q(2π/d) with q = 0, ±1, ±2, ... and d is the period (Fig. 3) . In general, leaky-wave radiation from such structures are realized by tuning the −1 harmonic as a fast wave, i.e. |β a,−1 | < k h where k h , assumed purely real, is the wavenumber in the host medium into which the radiation leaks. Therefore, the radiation from the antenna segment is due to two leaky waves amplitudes E ± a,−1 , that represent the strengths of the −1 Floquet harmonics, whereas E ± a represents the fundamental harmonic (with q = 0). Assuming that the waveguide is slightly perturbed, the field in the radiated waveguide can be approximated with the fundamental harmonic field. And the leaky-wave amplitudes E
are linearly proportional to E ± a . The accurate representation the field in the antenna segment and the assumptions applied above are discussed in detail in Appendix A. We stress here that the radiated field from the antenna segment will be linearly proportional to the fundamental harmonics with complex amplitudes E ± a that are used in the schematic model frequently. Note that for simplicity we refer to electric field waves, in this paper, that are related to traveling power as P = A|E|
where D 3 (D 4 ) is the length of the non-radiating waveguide segment between the ports 3 and 3' (4 and 4'). Here the radiating antenna segment of length L is a symmetric and reciprocal network, leading to s 3 3 = s 4 4 and s 3 4 = s 4 3 (see Appendix B).
The sets of equations in (1) and (2) constitute a total of six equations with six unknown quantities (E , that is referred to the center of the radiating segment for convenience, where + and − denote the counterclockwise and clockwise propagating waves, respectively. Leaky-wave radiation modeled by equivalent aperture technique as in [24] , [27] , provides the radiation pattern through closed-form expressions in terms of the leaky wave wavenumber k a,−1 = β a,−1 + iα a and the leaky-wave electric field E
Assuming that the electric and magnetic field polarizations in the radiating antenna segment are mainly orthogonal to the waveguide axis the far-field pattern due to E ± a in the antenna segment depicted in Fig. 3 is the sum of the two beams created by the individual radiating waves given as
where χ ± = k h sin θ ∓ k a,−1 , and k h is the wavenumber in the host medium into which the antenna radiation leaks. The two beams that are superposed in (3) exhibit individual maxima at angles θ ≈ ± arcsin(β a,−1 /k h ), where β a,−1 = β a − 2π/d. The characterization of the interference of such two beams is analyzed in depth in [24] . The far-field pattern of a short section of leaky-wave antenna is expected to have smaller directivity than a leaky-wave antenna much longer than the leaky mode's attenuation length 1/α a . Because the antenna's length is shorter in the reported design. For our far-field pattern calculations we take into account the finite length of the antenna.
It is of importance to determine the leaky wave propagation wavenumbers and fields E 
in terms of E ± 3 . The equations (1) and (2) lead to the solutions of E ± 3 as
where we define Ψ = s 3 due to common occurrence. Thus, the leaky-wave electric field amplitudes and their ratio are derived as
Note here that the ratio E
individually; therefore the magnitude ratio and the phase difference between the two radiating waves does not depend on where the antenna segment is positioned on the ring resonator. As clearly implied from (10), the phase difference
, which is an important parameter in the superposition of radiated fields, is determined by L. Together with the radiating field quantities, the next most important ones are the two-port device parameters. In order to assess the efficiency of the antenna, the reflection coefficient at the input port Γ = s 11 (since E − 2 = 0) and the transmission coefficient through the output port T = s 21 are, respectively, given by
At resonance the common denominator in above quantities (8)- (12), 2 , is to be minimized in order to enhance the fields in the antenna segment, E + a and E − a . Assuming that the directional coupler and the non-radiating segment of the ring resonator are lossless, in an input/output description relative to ports 1 and 2, the power loss in the network model of OLWA in RR corresponds to the radiated power by the antenna segment. Accordingly we define the total radiation efficiency of the antenna as η = P rad /P inc , where P rad = P inc − P refl − P trans is the power radiated by the OLWA, P inc and P refl are the incident and reflected powers at port 1 and P trans is the power transmitted after port 2. The total efficiency is then evaluated as
Ideally one would like that the total incident power P inc to be radiated, and thus the total efficiency η = 1.
B. Small Reflectivity Approximation
While the derived equations constitute an accurate set of solutions for the antenna parameters, the assessment of the resonance condition and the response of OLWA in RR at resonance using these accurate equations is not straightforward. The characterization of OLWA in RR benefits much from a convenient approximation of assuming very small reflectivity as |ρ| 2 << 0.25 (Here, the much smaller sign "<<" indicates a ratio of at least one order of magnitude). Under this assumption one has |Φ| 2 << |Ψ| 2 , therefore the common denominator in the expressions above is approximated as 3 4 , see Appendix B) Accordingly the radiating fields and two-port parameters of OLWA in RR are simplified to
It is apparent that in this case one has E − a ∝ ρE + a , therefore the field in the radiating segment is dominated by the counterclockwise propagating leaky wave, and the radiation pattern in (3) is provided by the first term mainly. The total reflection and transmission are approximated as
where in the evaluation of T we have also assumed that the directional coupler losses are negligible and thus t 2 + κ 2 ≈ 1. The resonance condition is now straightforwardly determined by minimizing the absolute value of the denominator, 
In other words, at resonance a circulating wave in the ring resonator accumulates a phase equal to an integer multiple of 2π and thus constructively superposes upon a round trip. At the resonance wavelength, the fields in the resonator are boosted. As t gets closer to unity and the attenuation in the antenna segment decreases, the resonance gets sharper. Under a sufficiently sharp resonance, a very slight change in β a can cause the resonator to shift out of resonance, this way we can modulate the far-field intensity efficiently.
Given that the resonance condition is satisfied, i. 
where the subscript "R" tags "resonance". Since the resonance can be sustained at any frequency by simply tuning the length of the non-radiating segment (D 3 + D 4 ), remarkably the expressions in (19)- (22) represent the achievable resonant values at any wavelength given that the resonance condition is satisfied by proper tuning of (D 3 + D 4 ). Two comments are to be made here, as observed from (20) and (21), the clockwise circulating radiating field and the reflection at the input port at resonance can be greatly suppressed by minimizing sin(k a L) by setting L = nλ a /2 with n as an integer (i.e. setting the antenna segment length as a multiple of half a guided wavelength λ a = 2π/β a ) thus antenna segment is also expected to satisfy an additional weaker resonance condition. Moreover the transmission coefficient T can be minimized when t ≈ e −α a L that makes the numerator in (22) vanish, i.e. when the critical coupling condition is satisfied as
, [28] , [29] . Therefore with the suppression of input reflection, Γ one can increase the total radiation efficiency η of the antenna. This is of extreme importance, since the efficiency of the leaky-wave antenna in RR does not only depend on the antenna length, as in the case of a standard leaky-wave antenna (not in a resonator) where the propagation length is necessary to radiate most of the power. The resonator effect can make even short leaky-wave antennas highly efficient. In general, the propagation coefficient along the antenna segment e −α a L and the through coefficient t are very close to and always less than 1. Mathematically it is possible to maximize the radiation efficiency (i.e. by setting t = e −α a L ) and to simultaneously maximize the resonator's fi-
On the other hand, a very important trade-off is observed here when one does not have control on tuning both e −α a L and t. For example, when due to a design specification either e −α a L or t is constrained by an upper bound, like e −α a < B or t < B, with B < 1; the maximization of efficiency (that implies t = e −α a L < B) leads to a finesse of
However, if we compromise the efficiency (so t = e −α a L ), the finesse could be made larger since
, where the nonconstrained parameter of the pair e −α a L and t (the one without the upper bound B) could be still tuned as close to 1 as possible. 
C. Illustrative Example
Here let us investigate an example case and assess how the OLWA in ring resonator can be used for modulation of radiation. The host medium is taken as vacuum with the vacuum wavenumber denoted by k 0 = 2π/λ 0 where λ 0 is the wavelength in vacuum. Let us take the wavenumber in nonradiating waveguide as k = 1.55k 0 whereas in the antenna segment the complex wavenumber is k a = (1.60 + i0.001)k 0 . Note that since α a /k 0 = 0.001 is very small, there is a very low leaky wave attenuation in the radiating antenna segment corresponding to weak radiation for every single pass of the wave. However a low attenuation is a required condition for high RR quality factor and thus multiple circulation of wave passes through the radiating segment. The total length of nonradiating segments is taken as D 3 + D 4 = 100 μm (100 guided wavelengths 2π/k at the operation wavelength of 1550 nm), and the length of the antenna segment is taken as L = 24.22 μm(25 guided wavelengths λ a =2π/β a at λ 0 = 1550 nm). In this example, the single-interface reflection coefficient (Fig. 2) is assumed to be ρ = −0.0159 and the directional coupler parameters are κ = 0.31 and t = 0.95. In Fig. 4(top panel) the radiating field magnitudes [accurately evaluated through (8) and (9)] and their approximated resonant values [from (19) and (20)] versus free-space wavelength are reported, assuming a nominal E + 1 = 1 V/m. For demonstration purposes the plotted wavelength range is chosen much larger than the free spectral range of the resonator (the distance between two consecutive peaks), so the periodic behavior of the resonant characteristics can be easily identified. The counterclockwise circulating radiating field (19) and (20) are suitable for estimating the exact field quantities at resonance wavelengths. In Fig. 4 (bottom panel) , the magnitudes of the transmission and reflection coefficients (11), (12) versus wavelength are provided, together with their approximated resonant values (21), (22) denoted by dashed curves. At resonances T exhibits sharp dips and Γ exhibits sharp peaks. A particular case is observed at 1550 nm wavelength where the reflection is well suppressed, since the resonance of the antenna segment is also guaranteed by choosing L as a multiple integer of λ a /2, thus an increased efficiency at the resonance is sustained.
Next we will assume that the wavenumber in the radiating antenna segment is modified slightly as k a = (1.57 + i0.002)k 0 . Note that the imaginary part is increased significantly to observe the impact of attenuation along the ring resonator at the resonance. In reality such a change of k a may result in a slight variation of ρ, however here we keep ρ the same for the sake of observing the effect of the change in k a only. The case with non-modified (k a = (1.60 + i0.001)k 0 as in the previous case) and modified k a are denoted by the subscripts "I" and "II", respectively.
The total radiation efficiency (13) and the radiating field magnitude |E + a | for cases I and II are reported in Fig. 5 top and bottom panels, respectively. The variation in k a results in the shift of resonance wavelengths as observed both by the efficiency and the radiating field curves. Moreover the peak values for case II are decreased compared to case I due to the increase in the attenuation constant α a , which decreases the resonance enhancement due to the denominator term 1 − te −α a L and also resulting in loss of the critical coupling condition t ≈ e −α a L previously discussed at the end of Section II-B. More strikingly, the radiating field magnitude |E + a | at 1550 nm wavelength dropped significantly, mainly due to a change in the resonance frequency, therefore at a single frequency the variation of radiation intensity is expected to be very significant. This phenomenon can be used to design tunable radiators, with large modulation depth. Now we aim to assess how the variation in the radiating field amplitudes |E + a | translate to the far-field intensity. In Fig. 6 assuming a spatial periodicity d = 1.05 μm, we plot the radiation pattern evaluated via (3) for the two cases I and II with different k a . Note that a change in k a as in Fig. 5 causes also a change in the leak-wave harmonic's wavenumber k a,−1 . The radiation patterns are normalized by the maximum intensity of Case I. We observe a main radiation direction at θ ≈ 7
• for Case I and at θ ≈ 5.4
• for Case II. There we observe a slight tilt in beam angle and in the intensity of |E + a | is accompanied by a significant drop of 22 dB in the radiation intensity, as the resonator is kicked out of resonance due to the small variation of k a . The far-field pattern is due to the counterclockwise circulating field E + a , as E − a is negligibly smaller than E + a . In Fig. 7 the magnitudes of E + a and E − a are reported for the same parameters as in Fig. 3 except for ρ = −0.237 which is significantly larger than previously taken, therefore the approximated formulas with |ρ| 2 << 0.25 are not strictly valid any more. In this case, the resonant condition for minimizing (1 − tΨ) 2 − (tΦ) 2 is more complicated. The resonant behavior is still observed, albeit with both clockwise and counterclockwise circulating waves in general reach comparable levels of enhancement at the resonances with multiple peaks occurring in an extremely narrow band. These cases can be exploited for beam tailoring since the total radiated beam can be tuned 
III. RADIATION CONTROL WITH CMOS-COMPATIBLE OLWA IN RR
The waveguide constituting the back bone of the practical example is made of Si, and deposited on 1−μm thick SiO 2 layer (with refractive index of 1.45) which is grown on a Si substrate as illustrated in Fig. 8 . The Si waveguide has a uniform cross-section with a height of 0.8 μm and a width of 1 μm along the antenna non-radiating segment together with the feeding waveguide and the directional coupler region. Si chosen for its capability of refractive index modulation by controlling the free hole and electrons.
A waveguide segment in the ring resonator is turned into the radiating antenna segment by utilizing periodically patterned 25 For demonstration of tunability the Si refractive index in the radiating antenna segment is assumed to be modified by controlling the excess hole and electron concentration therein. We assume the Si refractive index does not vary in other parts of the RR. The Si refractive index change is calculated using the Drude's formula [30] . Two states of excess carrier concentration are utilized in the following: The Si refractive index at 1550 nm wavelength for (i) State I with no excess carriers N h,e = 0 is n Si = 3.48, whereas for (ii) State II is n Si = 3.458 + i3.58 × 10 −3 when N h,e = 10 19 cm −3 . At 1550 nm free-space wavelength, the guided wavelength of the fundamental harmonic in the antenna segment λ a is 470.3 nm and 475.6 nm for State I and State II, respectively.
In the following full-wave simulations are carried out by using the finite element method solver HFSSS provided by AN-SYS. For the radiating antenna segment, the full-wave simulated two-port scattering parameters are used in the schematic circuit model calculations (using the analytical formulas) as introduced in Section II. The injected power to the radiating OLWA segment is evaluated to be used in scaling the simulated radiation patterns. The simulated OLWA host an extremely slowly attenuating leaky-wave and a non-significant mismatch with the non-radiating waveguide segment. For both states I and II, |s 3 3 | and |s 3 4 | are nearly 0.08 and 0.95, respectively. The magnitudes |s 3 3 | and |s 3 4 | remained almost constant between the state I (lossless) and II (lossy), implying that the effect of material loss in Si, thus the dissipative attenuation, is negligible in the antenna segment. For the presented cases the attenuation due to radiation dominates the losses of the resonator, hence the dissipative attenuation losses have negligible impact on the resonance behavior. With the simulated |s 3 4 | and the coupler through coefficient t = 0.88, the antenna reaches nearly 80% radiation efficiency, when integrated in the RR. While periodically perturbed waveguides may lead to total reflection as in fiber Bragg reflector topologies, the periodically perturbed radiating segment in our design exhibits only an insignificant reflection implied by |s 3 3 | ≈ 0.08. The important reasons behind this are the weakness of perturbations (in order to have a small LW attenuation coefficient α a ) and the presence of relatively small number of perturbations. Moreover, the perturbation period in the proposed design is too long to match the Bragg condition, comparable to a wavelength in order to have a LW working with the -1 Floquet harmonic.
The electric field amplitude |E and II, showing that at 1546 nm wavelength the field in the resonator can be efficiently brought to resonance or can be kicked out of resonance by switching between the states, mainly due to the variation in the guided wavelength in the antenna segment. In Fig. 9 (bottom panel), we report the full-wave simulated radiation pattern of the OLWA (the injected power is evaluated using the analytical circuit model), on the plane of propagation waveguide axis and the normal z-direction (i.e., in the so called "H-plane"). In the simulated radiation patterns, for State I compared to State II we observe a slight deviation in the radiation direction but a substantial drop in radiation intensity mainly because of ring resonator change of resonance condition. The change in the ration level is approximately 20 dB and this property can be used to design modulators with deep modulation depth or switches,
IV. CONCLUSION
The concept of a leaky-wave antenna integrated in a ring resonator proved to be an effective way to control radiation intensity and efficiency. A ring resonator integrated leaky-wave antenna can radiate efficiently even when its length is smaller than the propagation length of the leaky wave. We have shown that the sharp resonance of the resonator integrated system allows a large variation in the radiated intensity by slightly changing the refractive index of some components in the resonator. This open the way to a very effective way conceive electronically controlled switches with large extinction ratio and modulators with large modulation depth. CMOS-compatibility of the proposed design and possible electronic device integration pave the way for efficient radiators based on semiconductor-based leaky-wave antennas operating at infrared and optical frequencies. We also foresee a high speed of the control in case the waveguide is made of silicon nitride [31] and the perturbation with nanometer dimensions are made of silicon as in [32] . Importantly, the theory presented in this paper for the first time for a LW inside a ring resonator is applicable not only to optical antennas as discussed here, but to antennas at any frequency band. Indeed, it can be applied also to leaky-wave antennas designed in printed technology (e.g., microstrips) at millimeter and centimeter waves, for example.
APPENDIX A
The guided mode in the radiating antenna segment (oriented along the y direction) made of a periodically perturbed waveguide is represented as a weighted sum of Floquet harmonics, i.e., spatial harmonics, given by 
where k a,q = β a,q + iα a , and each harmonic has a phase propagation constant equal to β a,q = β a + q2π/d where d is the spatial period. Here E a,mode (y) represents the modal field profile along the waveguide at y, and it is a function of the unit cell material composition and geometry. The Floquet harmonic amplitudes are found by the projection integral over a unit cell length as 
It is clearly seen that, the amplitude of the harmonics are linearly proportional to the field strength in the antenna segment.
Under the assumption of very slightly perturbed waveguide, the total field profile can be taken approximately equal to the fundamental mode's amplitude as E a,mode (y) ≈ E a,0 e ik a y in the employed network model (in the manuscript, for convenience we drop the "0" subscript, which denotes the fundamental harmonic). It also follows that |E a,−1 | << |E a,0 |, though still maintaining the linear proportionality as E a,−1 ∝ E a,0 . While negligible in the waveguide field, E a,−1 e ik a , −1 y is the leakywave harmonic amplitude, and it is the only term responsible for radiation. Therefore its wavenumber appear in the calculation of the far-field radiation (3). Note both leaky waves propagating in opposite directions in the radiating antenna segment share the same modal character description.
APPENDIX B
The scattering parameters of the two-port antenna segment in between non-radiating waveguides, as a function of the LW wavenumber, LW radiation length and input reflection coefficient, are 
These can be straightforwardly derived using the ABCD matrix to scattering matrix conversion applied to a transmission line, and by expressing ρ in terms of the characteristic impedance and reference impedance as in Chapter 4 of [33] . Under the assumption of very low reflectivity |ρ| 2 << 1 utilized in Section II, these are approximated as
When these approximated scattering parameters are used in Ψ = s 3 4 e ik (D 3 +D 4 ) and Φ = s 3 3 e ik (D 3 +D 4 ) , the denominator term (1 − tΨ) 2 − (tΦ) 2 can be approximated as (1 − tΨ) 2 with the very low reflectivity assumption |ρ| 2 << 0.25 [note that this assumption is stricter than the one made above in the derivation of (27) and (28)].
